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J. Carlson has proved for finite groups that the variety in specHeV(BG,F,,) defined by the 
ideal generated by the images of transfers from all subgroups of index divisible by p is the same 
as the variety defined by the kernel of the restriction to the center of a p-Sylow subgroup. We 
prove a generalization of this theorem for compact Lie groups. For finite groups the proof 
specializes to a purely algebraic proof which is a bit shorter and somewhat more direct than 
Carlson’s original proof. 
1. Notation and statement of the theorem 
Let p denote a fixed prime, and let k be any field of characteristic p, e.g. k=F,. 
If G is a compact Lie group, then T denotes a maximal torus, Ri denotes its nor- 
malizer, and N/T its Weyl group. An inverse image PC N of a p-Sylow subgroup 
of N/T is called a Sylow p-normalizer of T. If G is finite, then of course T is trivial, 
and P is a p-Sylow subgroup. 
We denote the classifying space of G by BG, and, for p odd, we denote the com- 
mutative subring of H*(BG, k) of elements of even degree by HG, while, for p = 2, 
we put HG = H*(BG, k). (Of course, for a finite group H*(BG, k) is the ordinary 
cohomology ring of the group.) Let H be a closed subgroup of G. We let x(G/H) 
denote as usual the Euler characteristic of the coset space G/H. For H of finite index 
in G, x(G/H) is just the index (G: H). The inclusion Hc G induces a ring homo- 
morphism in cohomology (which for finite groups is called the restriction), which 
in turn yields a map Q(H, G) : HG + HH. Moreover, there exists a transfer map 
t(H, G) : HH-+ HG (which generalizes the transfer or corestriction for finite 
groups). If H is of finite index in G, there is also the norm map &(H, G) : HH+ HG 
which takes elements of degree r into elements of degree (G : H)r. (In [4], this theory 
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is developed for subgroups of finite index in discrete groups. The definitions and 
results can be extended easily to classifying spaces of compact groups where the sub- 
group is of finite index and the action on the coefficient module is trivial.) In fact 
there is a generalization of the norm map for arbitrary fibrations with compact 
fiber, but we shall only use the case of finite index. (See [13] where it is shown that 
the generalization of the norm restricts to the usual norm for finite coverings. The 
fact that the double coset rule - for trivial coefficients - applies in the general setting 
follows from [5] which applies to transfer in general cohomology theories.) 
We denote the underlying topological space of the prime ideal spectrum of Ho 
by V,. By definition Vo consists of the set of prime ideals p of the ring Ho endowed 
with the Zariski topology. If J is any ideal in Ho, we denote by V,(J) the closed 
subvariety of Vo consisting of all p 2 J. In particular, for a closed subgroup H of 
G, we let Vc,H= Vo(Ker Q(H, G)). If A is an abelian p-subgroup of G, then Vo,, = 
VG(P,,) where 
pG,A = rad Ker @(A, G) = {U E Ho ) @(A, G)u is nilpotent} 
is a prime ideal of Ho. 
Our main result is due to Carlson [3] for finite groups. 
Theorem. Let G be a compact Lie group, and let Z be the center of P, a Sylow 
p-normalizer of a maximal torus of G. Let 
Jo= c Im t(H, G). 
H a closed sg of G 
P~xWW 
Then I/G,z= Vo(Jo). 
Note that pl~(GlH) if and only if either 
(1) H has smaller rank than G, in which case x(G/H) = 0, or 
(2) H and G have the same rank, but the Weyl group of H has p-order smaller 
than that of the Weyl group of G. 
Carlson’s original statement of the theorem refers to the maximal ideal spectrum, 
but - since it makes no essential difference - we prefer to work with the prime ideal 
spectrum. In any case, the result may be stated purely ring theoretically by asserting 
that pG,z is the radical of the ideal Jo. 
The proof consists of the series of lemmas given below. The arguments depend 
on elements of the theory originally developed by Quillen [lo] for compact groups 
(including finite groups) using equivariant cohomology, and later embellished by 
Quillen [ 111, Quillen-Venkov [ 121, Alperin-Evens [ 11, Avrunin-Scott 121, and 
Carlson for finite groups. For the reader primarily interested in finite groups, we 
have isolated the basic facts necessary for the proof in that case. For compact 
groups, we make extensive use of the generalization of the double coset formula for 
transfer in [5]. 
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Our proof shows that the result may in fact be sharpened as follows. Let .& be 
the sum of the ideals Im t(H, G) where H= C,(x), the centralizer in P of x, for 
x E P, x $2, x of order p. Then 
Corollary. VG,z= VG(JG) = V&J;). 
2. The proof of the theorem 
We first reduce to the case that G is a Sylow p-normalizer, i.e. G is an extension 
of a p-group by a normal torus. To this end, recall that Q = @(P, G) is a monomor- 
phism onto a direct summand of Hp. (See [8] for the case of compact groups.) 
Lemma 1. e(JG)=e(HG)nJ,. 
Proof. Choose H so that p /x(G/H). Then by the double coset formula, 
@(P, G)t(H, G) is a sum of terms of the form t(HgnP, P)e(HgnP, Hg)cg for 
appropriate double coset representatives g E G. To see that these terms lie in Jp, it 
suffices to show that p 1 x(P/Hg n P). However, if Hg n Pp T, x(P/Hg fl P) = 0, 
while if HR fl P 2 T, we have the following tower of subgroups: 
G 
HgnP 
T 
where pIx(G/Hg) and x(G/P) is relatively prime to p. Hence, the assertion 
follows by the transitivity of x. Thus, e(Jc) c Jp. 
Conversely, let u E JPne(HG). Then, u is stable and 
Q(P, G)t(P, G)u =x(G/P)u. 
(See [8, Definition I.13 and Theorem I.141 for the case of compact groups.) Since 
u is a sum of elements of the form t(H, P)o where p 1 x(P/H), then so is x(G/P)-‘u. 
Hence, by the transitivity of transfer, u =@(P, G)t(P, G)x(G/P)-‘u EQ(J~). 0 
Lemma 2.@(PG,z)=e(Hc)nPp,z. 
Proof. This follows since Q is transitive and Q(P, G) is injective. 0 
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We may now assume that G is an extension of a normal torus T by a finite 
p-group. 
The center 2 of G may be replaced by its maximal elementary abelian p-subgroup 
2’. For, modulo radicals o(Z’, Z) is a monomorphism so P~,~= pG,z, and Vc,z= 
VG,... 
Proposition 3. Jo c pG,Z so Vo(Jo) 2 Vo,z. 
Proof. First, assume H is a closed subgroup of G, and HP Z’. Then, since Z’ is cen- 
tral, no conjugate of H contains Z’. Thus, the double coset formula implies that the 
composition e(Z’, G)t(H, G) = 0 since t(K, Z’) = 0 for all proper subgroups KC Z’. 
Suppose alternately H>Z’. In this case, the double coset formula yields 
e(Z’, G)t(H, G) =x(G/H)@(Z’,H) which is zero if p / x(G/H). It follows that 
JccPc.z. 0 
The rest of the proof is concerned with showing V&Jo) c Vo,,. To this end, sup- 
pose PE VG, and P$ VG,z. We shall show there is a closed subgroup H such that 
pIx(G/H) and p$ Vo(Im t(H,G)) C_ Vo(Jo). By [lo], there exists an elementary 
abelian subgroup E of G and an element qe V, such that q(E, G)-‘(q)=p. (p is the 
image of q under the induced map of varieties V, + Vo. See also [l, 2,1 l] for the 
finite case.) We suppose that E is chosen minimal so that some element q E V, maps 
onto p. 
Since E is an elementary abelian p-group, H,/rad HE is a polynomial ring over 
k on the Bocksteins of an F,-basis of H’(E, F,). Following Quillen [ 111, we con- 
sider the product eEE H 2(‘E’ “(E k) of the Bocksteins of the non-zero elements of 
H](E,F,). (For p=2, use a basis’of H’(E,F,) instead, and also modify the defini- 
tion of eEE HiEiel(E, k) accordingly.) 
Let H be the centralizer of E in G. We shall apply the following result to the pair 
H,E: 
Lemma 4. Let H be a compact Lie group which is its own Sylow p-normalizer, and 
let E be a central elementary abelian p-subgroup. 
(a) There exists a p-power q such that for each c E HE, we have c4 = Q(E, H)c’ 
for some C‘E Hn. 
(b) For c=eE, c’ E Hn may be chosen so that @(El, H)c’= 0 for every elementary 
abelian p-subgroup of H which does not contain E. 
Proof. For finite groups, (a) follows easily from the properties of the norm described 
in [4], and (b) was proved by Quillen in [ 1 I] also using the norm. We shall generalize 
these proofs to handle the compact case. (However, note that for compact groups, 
(a) was proved in [6, Lemma 1.41 and (b) may be derived from Quillen’s Theorem 
[lo] without too much difficulty.) 
(a) Consider the abelian subgroup ETc H, where T is a maximal torus of H and 
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note that we can find a complementary subgroup E’ c E such that E = E’x En T and 
ET= E’x T. It follows easily that Q(E, ET) : HET+ HE is onto modulo taking p- 
powers. Choose b’~ HET such that Q(E, ET)b=cq’ for some p-power q’. Since 
(H: ET)< 03, we can apply the theory of the norm. Since ET is normal in H, the 
double coset formula for the norm shows that 
Q(E, H)J(ET, H)b’= (Q(E, ET)b’)‘H:ET’ = cq 
where q = q’(H: ET) is a p-power. 
(b) Choose b’E HE7 in the above argument as follows. Let F1 E be the maximal 
elementary abelian p-subgroup of ET. Let e” E HF be the product of (for p odd, the 
Bocksteins of) the elements of H’(BF,F,) which restrict nontrivially to E. Then, 
Q(E, F)e” is a p-power of eE. Choose b’E HET as in (a) such that @(F, ET)b’= (e”)qu. 
Note that if F’ is any subgroup of F which does not contain E, then Q(F, ET)b’ is 
a product of linear factors, at least one of which vanishes on F’, so Q(F: ET)b’= 
&F’, F)&F, ET)b’= 0. 
If E’ is an elementary abelian p-subgroup such that E’PE, then no conjugate of 
E’ contains E (since it is central). Hence, the double coset formula for the norm 
shows that @(E’, H)JV(ET, H)b’ is a product of terms of the form 
Jv(ETfl E’)&ETn E’, ET)c,(b’) 
which vanishes. 
For finite groups, one may show by means of the double coset formula that 
e(E’, H)Jf(E, H)e, = 0. D 
Return now to consideration of the elementary abelian p-subgroup EL G. Since 
p@ Vo,, is the image of qe vE, it follows that E is not central. Hence, H= 
CG(E) # G. It follows that p 1 x(G/H) since either x(G/H) = (G : H) is a p-power if 
His of maximal rank, or x(G/H) = 0 otherwise. Let W=N&E)/C,(E). (This is a 
finite group.) 
Lemma 5. There exists b’E HH such that 
for some power r, where b = Q(E, H)b’. 
Proof. This follows from Lemma 4(a) and the following fact. Let W be a finite 
linear group acting on the polynomial ring F,[y,, . . . , y,}, and let e be the product 
of the non-zero linear forms. Then in the ring F,[y,, . . . , y,][e-‘1, 1 is the trace of 
some element in that ring. (Hence, any invariant element is a trace.) This fact 
follows from [8, Theorem 2.41. (See also [9].) 0 
Let a’= b’c’EHH where 6’ and c’ have been chosen as in Lemma 5 and 4(b) 
respectively. 
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Lemma 6. p(E, G)t(H, G)a’$ q so t(H, G)a’$ p. 
Proof. By a variation of the double coset formula proved in [5], 
Q(E, G)t(H, G)n’= c f(M)cgt(HnEg,Eg)&HnEg,H)a' 
where the sum is over the set of orbit-type manifold components {M} of the double 
coset space E\G/H. Here x#(M)=x(M)-x(&?-M). By our choice of b’EHH, 
e(HnEg,H)b’=O if HnEgPE, i.e. if Eg#E. It follows that the sum reduces to 
one over a set of ordinary coset representatives for H= C,(E) in N&E) (since each 
orbit-type manifold component consists of a single point). Hence, we obtain 
c c,dE, H)(b’c’) = C c,(b)(eE)q = (eE)q”. 
wew wew 
However, e,$ q by the minimality of the choice of E, q. Otherwise, some linear fac- 
tor p/z, h E H’(E,F,) of eE belongs to q, and it is easy to see that q =&ET, E)-‘(q’) 
where E’=Ker h and q’E V,,. 0 
This completes the proof of the Theorem. 
To derive the corollary, note that in the above argument, since E is not central, we 
have H = C(E) L C(x) # G for some non-central element x E E. (We are still assuming 
G = P.) Hence, by the transitivity of the transfer, we may find a E Im t(C(x), G) such 
that a6 p. It follows that 
which implies the Corollary for the Sylow p-normalizer. There is no problem going 
from the Sylow p-normalizer to the group, so we are done. 
References 
[ll 
PI 
[31 
[41 
[51 
161 
[71 
PI 
[91 
J.L. Alperin and L. Evens, Varieties and elementary abelian subgroups, J. Pure Appl. Algebra 26 
(1982) 221-227. 
G.S. Avrunin and L.L. Scott, Quillen stratification for modules, Invent. Math. 66 (1982) 277-286. 
J.F. Carlson, Varieties and transfers, J. Pure Appl. Algebra 44 (1987) 99-105. 
L. Evens, A generalization of the transfer map in the cohomology of groups, Trans. Amer. Math. 
Sot. 108 (1963) 54-65. 
M. Feshbach, The transfer and compact Lie groups, Trans. Amer. Math. Sot. 251 (1979) 139-169. 
M. Feshbach, p-subgroups of compact Lie groups and torsion of infinite height in H*(BG), Trans. 
Amer. Math. Sot. 259 (1980) 227-233. 
M. Feshbach, p-subgroups of compact Lie groups and torsion of infinite height in H*(BG), II, 
Mich. Math. J. 29 (1982) 299-306. 
M. Feshbach, Some general theorems on the cohomology of classifying spaces of compact Lie 
groups, Trans. Amer. Math. Sot. 264 (1981) 49-58. 
S. Priddy and C. Wilkerson, Hilbert’s Theorem 90 and the Segal Conjecture for elementary abelian 
p-groups, Amer. J. Math. 107 (1985) 775-785. 
Carlson’s theorem 45 
[IO] D. Quillen, The spectrum of an equivariant cohomology ring, I, Ann. of Math. 94 (1971) 549-572. 
[I l] D. Quillen, A cohomological criterion for p-nilpotence, J. Pure Appl. Algebra 1 (1971) 361-372. 
[12] D. Quillen and B.B. Venkov, Cohomology of finite groups and elementary abelian subgroups, 
Topology 11 (1972) 317-318. 
[13] Steiner, Multiplicative transfers in ordinary cohomology, Proc. Edin. Math. Sot. (2) 25 (1982) 
113-131. 
